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Abstract

Given an adic transformation S on the path space of a Bratteli graph and an automor-
phism T of a Lebesgue, we define a filtration whose tail o-field is the (7" x S)-invariant
o-field. Considering the standardness property of this filtration provides a generalization
of the scale of an automorphism as defined in [5].
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1 Introduction

For a given adic transformation S acting on the set of infinite paths I' of a Bratteli graph, one
can straightforwardly associate a filtration on I" whose tail o-field is the S-invariant o-field.
When, in addition, an invertible measure-preserving transformation 7" is given, we show how to
define a filtration whose tail o-field is the (7' x S)-invariant o-field. This construction was done
in [5] in the case when S is an ordinary odometer, and considering the standardness property
of this filtration yields a generalization of the scale of an automorphism as defined in [5].

2 Filtration associated to an adic transformation

Consider an adic transformation S acting on the set of infinite paths I of a Bratteli graph,
preserving a probability measure p on I'. In this section we introduce the sequence of measurable
partitions and the corresponding filtration on the probability space I'.



We consider that the root level of the graph is graded by the index n = 0 and the subsequent
levels are graded by n = —1, n = —2, .... The example of the golden graph is shown on Figure 1.

The usual labels on the arcs of a Bratteli graph, such as the one shown on Figure 1(a),
provide, for each vertex v, at a level n, an ordering of the arcs between v, and the vertices
connected to v, at level n — 1. The labels shown on Figure 1(b) are obtained by considering
the other direction: they provide, for each vertex v,_; at a level n — 1, an ordering of the arcs
between v,_; and the vertices at level n connected to v,_1. After a choice of such labels, we
denote by |€,(7) | the label of the edge connecting v, _1(7y) to v, (7).

A path v € T is a sequence of arcs v = (79,7-1, - . .), where =, connects a vertex at level n
to a vertex at level n — 1. Note that v is determined by (y_1,7_2,...) when there is a unique
arc between each vertex at level n = —1 and the root vertex at level n = 0.

We denote by v,() the vertex at level n through which passes a path . The dimension of
a vertex v, that is to say the number of paths connecting v to the root vertex, is denoted by

dim(v), and we denote by |d,(y) = dim (vn(’y)) the dimension of the vertex at level n through
which passes the path ~.

0
0
0
0

n=-5

(a) Usual labels on the arcs (b) Order labels €, on the arcs

Figure 1: Golden graph

2.1 The sequence of measurable partitions (

There is an increasing sequence of measurable partitions ((,), <, on (I', 1), defined by

7%7’ < Y =, foreveryk<n|

The partition (j is the partition into singletons. The partition {_; is also the partition into
singletons when there is a unique arc between each vertex at level n = —1 and the root vertex
at level n = 0.

The (,,-equivalence class (,(y) consists of d,,(7y) elements. These elements are ordered: there
is one element in (,(v), denoted by 7, such that

gn('Y) = {Wna Sﬁn, ey Sdn(’”_lﬁn} .

We consider 7,, as the (,-representative of .
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Figure 2: A (_s-equivalence class

The increasing property of ((,),.; provides a structure on the (,-equivalence classes: a
(n-equivalence class is a union of (,i-equivalences classes. This is illustrated on Figure 2 for
the case of the golden graph. The labels on the edges of the tree shown on this figure are the
labels €, also shown on Figure 1(b). The label €,(7y) between level n and level n 4 1 indicates

the location of (,11(7y) as a block of (7).

Thus, |7, = Sy | where the nonnegative integer k,(7) is a function of (y9,7_1, - .., %),

and

Co(v) = {S—kn(v)% S—kn(v)ﬂ% o ,S_kn(7)+dn("/)_

More precisely, knowing the vertex v, (7y), the integer k, () is a one-to-one function of (enﬂ(’y), .

The adic transformation on the path space of a Bratteli graph
is a representation of a cutting-and-stacking construction. The
cutting-and-stacking construction corresponding to the adic trans-
formation on the golden graph is shown on Figure 3. The (,-
equivalence class (,(7y) of v is shown by the blue points on this
figure. The (,-representative 7, of v corresponds to the point in
the base of the tower. For the example shown on Figure 3, one has

ko(v) = k_1(7) = k—2(7) = 0 and k_3(7) = 1.

Lemma 1. For almosty € T, k,(y) — o0 and —k,(v) + d,(y) —
.

Proof. The integer k,(v) increases as n decreases to —oo. If
kn(y) — j < oo, that is to say k,(y) = j for n small enough, then
S~=7~ belongs to the set of minimal paths of I, and this set has
measure 0. Thus the set where k,(7) — j has measure 0 for every
j, therefore the set where k,(7) /4 oo has measure 0 by countable
additivity. In the same way, the set where —k,(v) + d,(y) /4 o
has measure 0 because the set of maximal paths of I' has measure
0. O

Note that the sequence <vn(7) en(’y)) _ determines the path

v truncated at level ny. In other words 1t determines the (,-
equivalence class (,(v). We will come back to the above points
in the next section, in the language of o-fields.
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2.2 The filtration F

One gets a filtration (F,), ., by defining the o-field F,, as the one generated by the measurable
partition (,. Here, a path v € I' is considered as the actual point taken at random in the
probability space. Thus the o-field F, is | F, = 0(R,)| where we denote by R,, the random
variable whose value at 7 is the (,-representative 7, of v. The random variable R, is a path
taken at random according to u. Note that o(R,) D o(R,_1) because ¥, determines the path
~ truncated at n.

In the previous section, we introduced the integer k,(7) such that ¥, = S7%*(")~. Here we

consider k, as random variable but we use the notation K, instead of k,,. Thus|R,, = S5 "R, |.
We also introduced the notations v, and €, in the previous section. Here v, and ¢, are
random variables, and we use the notation V,, instead of v,,.
Thus the filtration F is generated by the stochastic process (V;,, €,),,<(:

Fon =0V, €m;m <n)|

The random variable €, is a "novation” from JF,, to F, 1, that is to say F,11 = Fp,Vo(€,i1),
since V41 is a function of V,, and €,;.

Lemma 2. The random variable €, is conditionally independent of F,, given V,.

Proof. Given F,, the random variable €, is the label of an arc connecting the vertex V,, to a
vertex at level n + 1. O

Conditionally to V,,, the random integer K, is a one-to-one function of (€,41,...,¢€p), and
it has the uniform distribution on {0,...,dim(V,) — 1}. This is the centrality property of L.
Because of this property, the conditional law of V,, 1 given V,, is given by

dim(vp41)
dim(vy,)
where m(v,,, vy41) is the number of edges connecting v,, and v,41.
Observe that R, = SE»~EKn+1 R and, conditionally to V},, the nonnegative integer K,, —

K, 1 is a one-one function of €,,;. Thus, conditionally to V,,, the random integer K, has
always an expression of the form K,, = 745 fu(ex).

Pr(vn—i-l = Un+1 | Vn = Un) = m(vn, Un—i—l)

2.3 Example: the golden graph

The random integer K, has a very convenient expression for the case of the adic transformation
on the golden graph with our choice of the labels shown on Figure 1(b):

K, =éni1fot1+ ... +e1fo1(+eofo)

where fo =0, f.1 = fo=1, f.3=2,... are the Fibonacci numbers. Here its expression does
not depend on V,,, but its distribution does.

There is no multiple edges in this graph, therefore the filtration F is generated by the
stochastic process (V},),«,. Denoting by ¢ the golden number, the law of (V},), -, is given by:

o Vo =0;

e for n < —1, V, takes the value 1 or 2 and Pr(V,, =2) = % = Pp;

e The transition matrix from V,, to V1 is

Vn+1

1 2
1 fn/fn—l fn+1/fn—1
1 0

Va
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2.4 Example: the Chacon graph

As another example, consider the Chacon graph shown on Figure 4 which also shows our choice
of the labels on the arcs. For this example, K,, = S-3%, fi(ex), with

f(0) =0

fn(1) = h,
fn(2) = 2hy,
fa(3) =2h, + 1

3lnl—1

where h,, = is the dimension of the vertex 1 at level n.
The law of the process (Vy,, €,),,< 18 given by:

o Vh=0;
o for n < —1, V,, takes the value 1 or 2, and Pr(V,, = 2) = 1/3I"l;
e ¢, =0andV,=2ifV,_1 =2;

e conditionally to V,,_1 = 1, the label ¢, of the edge between V,,_; and V,, equals 2 with
probability 1/h,_1, or equals a value in {0, 1,3} with probability h,/h,_1.

2]
1 1
Vi 1fs s i I
i3 415 413 g 1
13/1015/10 90 Yo I
(a) Chacon graph (b) Dimensions and transition probabilities

Figure 4: Chacon graph

Later, in order to prove Proposition 2, we will use the following property of the Chacon
transformation, which is easy to see with the help of Figure 5. Let I = {7 | v_1(y) = 2} be the
set of infinite paths which pass through the vertex 2 at level n = —1. If V,, = 1, then

(Lr,er; 1sraers-- - Lgmn-1p,er) = CoC1 - - - Chp—1 (1)

where ¢ = (0,0,1,0,0,0,1,0,1,0,0,1,0...) is the limit of the words wy obtained by initially
setting wy = 0 and recursively setting wy1 = wrpwilwg. We call ¢ the Chacon word.



\
0\0 @/@
n=-3

Figure 5: The process (V,,, €,) for the Chacon graph

3 Filtration associated to an adic transformation and an
automorphism

Now, in addition to the adic transformation S, let T' be an invertible measure-preserving trans-
formation on a Lebesgue space (X, v).

We will define a filtration G locally isomorphic to F, whose tail o-field G_, is the invariant
o-field of the product transformation 7" x S.

3.1 The sequence of measurable partitions &

Here one defines an increasing sequence of measurable partitions (&,), ., locally isomorphic to
the elementary sequence ((,), -, associated to S.

For two paths y, 4/ in the same S-orbit, denote by k(7y, ') the integer such that /' = S¥(7),
Thus k(v,7") = kn(y) — kn(7') when ~ % ~'. Then define the measurable partition &, by

(2,79 % (2,7) == 7R84 and 2/ = TH07g]

That is, the &,-equivalence class of (x,~) is

&n(@,7) = { (@0, An), (TT0, S70), -, (T, SO0, )L

where Z,, = 77"z and, as already seen, 7, = S~*()~ is the (,-representative of v. It is
clear that &, < &,41. We consider (Z,,7,) as the &,-representative of (z,~).

Remark 1. It is known that the set-theoretic intersection M, <o(, is the orbital partition of S. As
we will see (Proposition 1), the measurable hull of the tail partition N¢, is the invariant o-field of
T x S. But | do not know whether N&,, is the orbital partition of 7" x S.

3.2 The filtration ¢

We take a random variable X distributed on X according to v and we set | X,, = T %" X, |,
similarly to R, = S5 Ry.

Thus (X, R,)(z,7) = (Zn,7n), and setting |G, = o(X,,, R,,) | then G, = 0(&,) is the o-field
corresponding to the measurable partition &,.

Note that X,, ~ v for every n < 0 because K, is independent of Xj.
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The filtration G = (G,),,, is generated by the stochastic process (X, Vi, €,),,<¢:

Gn =0 (X, Vin, €mym < n)|.

T S VT R VA N VA N VA B

1
72 T3z T Tox TSz Tz
1/ 1

T
1 2/3 1/3
T2

2/s 3/5

|X,5 =7, V,5 = 1|

Figure 6: The process (X, V,,) for the golden graph

Lemma 3. The following properties hold:

1. The random integer K, is conditionally independent of G,, given V,, (equivalently, (€41, ..., €o)
is conditionally independent of G, given V,, because K,, is a one-to-one function of (€41, .., €o)
given V,, ).

2. €,41 18 a "novation” from G, to G,11, that is to say G,+1 = G,V o(€ns1), and the filtration
F is immersed in G.

Proof. Given G, the random integer K, corresponds to a path connecting the vertex V,, to
the root vertex. That shows the conditional independence. As seen before, K, — K, is,
conditionally to Vj,, a one-to-one function of €,,,. Since X, = T*»~Kn+1 X that shows the
equality G411 = G, V 0(€,41). The immersion stems from the fact that €, is also a novation
from F, to Fpi1. O

As a consequence, the process (Xp, Vy, €,),, <o is Markovian.
Lemma 4. X,, Il F, for every n <0.

Proof. Take f € L'. Then

E[f(X,) | Fo] = E[f(T7"Xo) | ).
Since K, is Fo-measurable and X, L Fo,

E[f(T7%"Xo) | Fu| = E[A(K,) | F.]

where h(k) = E{f(T*kXO)]. But h(k) = E{f(XO)] = E{f(Xn)} since T preserves the law of
Xo. [l



Therefore the law of the process (X, Vi, En)ngo can be described as follows:
o (V,, En)nSO is a path taken at random in I' according to u;

o X, I (Vo,en);

® ¢, is conditionally independent of G, given V,;

o X, =THKn"Kni1 x|

Proposition 1. The tail o-field G_., is degenerate if and only if T x S is ergodic. More
precisely, G_o equals the (T x S)-invariant o-field.

Proof. Denote by Z the (T' x S)-invariant o-field. Since the pair (Xg, Ry) generates Gy, the
degeneracy of G_, is equivalent to the L'-convergence of E{f(XO, Ry) | gn] to ]E{f(XO, Ry) | I}

for every bounded measurabe function f.

Recall that X, = T52X,, and Ry = S%"R,. Conditionally to G,, the random integer K,
has the uniform distribution on {O, o, dim(V,) — 1}, therefore

1 dim(V,)—1

E[f(Xo, Ro) | G| = A ]; F(T"X,, S*R,,)

1 dim(Vp)—1
- S (TP X, SPS TR Ry).
k=0

dim(V;,)

Now, write

M=1 k=0

dim(Vy,)—1 dim(Vy) [/dim(Vy)—1
> F(TPT X, SP ST Ry ) =Y ( 3 f(TkT—MXO,SkS—MRO)> i, -1
k=0

and denote by E(f | Z) the conditional expectation of f given Z.

Let € > 0. By the ergodic theorem, for every integer N large enough and for every pair of
random variables (U, V) ~ v ® p, the average + (ZkN:_ol (TkU, SH/)) is e-close in L?(v @ p1) to
E(f | I)(U,V). For n large enough, one can apply this fact to U = T Xy and V = STMR,
and N = dim(V},), and one gets that the average

L dim%)_l F(TFTM X0, §5 57 Ry)
dim(V,) = ’

is e-close in L2(v @ p) to BE(f | 2T Xy, S ™Ry) = E(f | T)(Xo, Ro)-
Finally, using the Cauchy-Schwarz inequality,

E[[B[£(Xo, Ro) | 9] — B(f | T)(Xo, Fo)|| < e

and the proof is over. O

Remark 2. For people who deal with the filtration G on an abstract probability space, the equality
is G_oo = (Xo, Ro)”'(Z), where T is the (T' x S)-invariant o-field.



3.3 An application of the tail o-field

As an application of Proposition 1, we provide in Proposition 2 a weighted ergodic average. We
will use the following equality, seen in the proof of Proposition 1:

dim(V;,)—1

> (X0, SFRy). 2)

k=0

E[f (X0, Bo) | G0] = g

Proposition 2. Let ¢ be the Chacon word defined below equality (1). Define the weights

2o if0<k<h,—1
App = '™
FTlo ifk > by

Let T' be an invertible measure-preserving transformation of a Lebesque space (X,v). For g €
LY(v), define the weighted average

S.0)(5) = - 3 cT*0) = X sl

Then S,(g) — E(g | ) in probability, where I is the T-invariant o-field.
We give two lemmas before proving the previous proposition.

Lemma 5. On the same probability space, let (A,) and (B,) be two sequences of random
variables and (E,) be a sequence of events. Set Y, = A,1g, + Bp,1lg:. Assume that

o A, Il E,;

e Pr(E,) —p>0;

o Y, — Y >0 in probability.
Then A,, — Y in probability.
Proof. This follows from

Pr|A, = Y[ > E,)  Pr(lYa=Y[>eE,) Pr(lY,-Y]>¢)

Pr(]An -Y| > e) = Pr(E,) = Pr(E,) < Pr(E,)

]

Lemma 6. Let S and T be two invertible measure-preserving transformations. If S is weakly
mizing, then the (T x S)-invariant o-field is the product of the T-invariant o-field times the
trivial o-field.

Proof. 1t is well known that the product of an ergodic transformation times a weakly mixing
transformation is ergodic. The lemma, which generalizes this result, can be proved by looking
at the space of ergodic components. O

Proof of Proposition 2. Let S be the Chacon adic transformation, which is known to be weakly
mixing. Apply equality (2) to the function f(z,v) = g(x)1l.er where I = {v | v_1(7) = 2} was



introduced before equality (1). This gives
dim(V,,)—1

~ dim(V},) 2

k=0

E[Q(Xo)lRoeI | Qn} g(TF X ) gkp c;

1 hpn—1
= (h > Q(Tan)lskRnef) 1y,—1 + (9(Xn)1g,cr) 1v,—2
n k=0

1 hn_l
B (h > Ckg(T’“Xn)> Ly, + (9(X0) Lrer) Lyi—a,
N—

n f—
k=0 —.B,

=:A,

where the last equality comes from equality (1).
By Proposition 1, E[g(XO)lRog | gn} — E{g(Xo)lROGI | g_oo}. We know that G_,, =
Z® {@,I'} by Lemma 6, therefore

E[g(Xo) Lner | G-] = Pr(Ro € DE[g(Xo) | T {2,1)] = 1 B9 | T)

Since X,, 1L V,, (Lemma 4) and Pr(V, = 1) — 1, one gets A, — 3E(g | Z) by virtue of

Lemma 5. OJ

4 The scale of an automorphism

In the case when S is the usual adic transformation isomorphic to the (r,)-ary odometer, the
filtration G is the one introduced by Laurent in [5], whose standardness provides an equivalent
definition of the first definition of the scale of an automorphism originally introduced by Vershik
in [7]. This definition is the following one.

Figure 7: The Bratteli graph of the dyadic odometer

Definition 1. Let G be the filtration of the previous section in the case when S is the (r,)-ary
odometer. The sequence (r,) belongs to the scale of T' if G is standard.

In this case, it is shown in [5] that the tail o-field G_, is degenerate if and only if Tllicniame
is ergodic for every n < 0. This is equivalent to the ergodicity of the product of T" with the
(rn)-ary odometer, as expected in view of Proposition 1.

The filtration G cannot be standard when G_, is not degenerate. A more general definition
is proposed in [5] to deal with this situation: say that (r,) belongs to the scale of T"if G is

10



conditionally standard given G_.,. But this generalization of standardness has not been studied
yet in the literature.
Therefore, the definition of the scale can be generalized as follows.

Definition 2. Let G be the filtration of the previous section associated to an adic transformation
S and an automorphism T'. Say that S is in the scale of T" if G is standard, or, more generally, if G
is conditionally standard given G_ ..

In the case when S is the (r,)-ary odometer and 7' is a Bernoulli automorphism, stan-
dardness of G has been characterized in terms of the asymptotic behavior or the sequence (ry,)
(see [1, 3, 5]).

5 Adic split-words processes

We use the notations of the previous section. Let P be a finite or countable partition of X. The
elements of P are labelled by the letters of an alphabet A. For x € X we denote by P(x) € A
the label of the block to which x belongs.

Define the random word W,, by

W, = P(X,)P(TX,)... P(TmV)=1x ).

2/5
fgh
5 3/8

/8\

[W_5 = abedefgh, V_5 = 1]

Figure 8: The process (W, V,,) for the golden graph

Lemma 7. The filtration generated by (W, V,, Gn)ngo is tmmersed in G. It equals G when P
is a generating partition of T

Proof. Denote by G’ this filtration. The immersion follows from the fact that the random
variable €, is a novation of G, to G, ., and its conditional law given G, is the same as given
G, (Lemma 3).

To show that G’ = G when P is generating, it suffices to show that X, is measurable with
respect to Gj). Since X,, = T—%nX,, this follows from Lemma 1. O

The filtration generated by (W, V,,€,), oo is also generated by (W, €,),, when two dif-
ferent vertices at each level n have different dimensions, because the length of W, is dim(V/,).
The space of trajectories of a split-word process can be displayed on a Bratteli graph.
Figure 9 shows the case when S is the dyadic odometer, T is the Bernoulli shift on {a, b}% and

11



n=2>0

Figure 9: (W,,, €,) when S is the dyadic odometer and 7" is the Bernoulli 2-shift

P is the usual generating partition according to the central coordiinate. This graph is called
the graph of ordered pairs by Vershik.

Note that W_; = Wy when there is a unique edge between the root vertex and each vertex
at level —1 (that is to say when €y takes only one value). In the general situation, Wy is a
function of W_; and ¢;. Therefore one can set Wy = @ without changing the filtration. An
example is shown on Figure 10 for the case when S is the golden adic transformation, 7" is the
Chacon transformation, and P is the generating partition {[0,2/3[, [2/3, 1[}.

Figure 10: (W, €,) when S is the golden adic transformation and 7" is the Chacon transforma-
tion

Question 1. What is the adic transformation on these graphs? Since the tail o-field is the (7" x 5)-
invariant o-field, one could expect that the adic transformation is isomorphic to 7" x S. | believe it
is true.
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6 Example: the golden graph and the golden rotation

The filtration F was introduced in Section 2.3 in the case when S is the adic transformation
on the golden graph.
1

This adic transformation is isomorphic to the golden rotation on S', with angle 6 = e =
2

3+v5°
For a given transformation 7', the law of the stochastic process (X, V,, €,), o, generating

the filtration G is given by

Xpi1 = Ten+1fnt1 X,

The product of a rotation with itself is not ergodic. Hence, in the case when T is the golden
rotation, the tail o-field G_ is not degenerate. For this case, one can see that X,, almost surely
goes to a random variable X_, as n — —oo. Indeed, first observe that

Xn+1 =X, or Xn+1 =X, + an-l—l'

But the distance between 6f, and 0 in S! is less than 1/f,_1, because of the inequality

1
fn—l ’

coming from the well-known results about continued fraction (the continued fraction expansion
of 6 is [0,2,1,1,...]). Therefore | X, 41 — X,| < 1/f,, and X,, — X_ because 1/f, is the
general term of a convergent series. Of course X_., has the uniform distribution on S, like
each X,,.

Question 2. Does G = 0(X_«) ?
Question 3. Conditionally to X_, is the filtration G isomorphic to F 7

‘efn - fn+2‘ S

7 Example: the Chacon graph and Bernoulli automor-
phisms

7.1 The filtration G

In the case when S is the Chacon adic transformation, the filtration F was introduced in
Section 2.4.

The law of the process (X, V,, €,), <, generating the filtration G is given by (see Figure 11,
where a red box indicates V,, = 2): -

o (Vp,, €n)ngo has the law given in Section 2.4;
e X, ~ v isindependent of (V,,€,);

o X, = THh+ilenr) X (the f, are given in Section 2.4).

In this case, a split-word process (W, V,, €,),, <o (Section 5) has the following dynamics (see
Figure 12). The length of the word W, is h,, if V, =1, and length 1 if V,, = 2. When V,, = 1,
we consider W, as the concatenation of four subwords with respective lengths h, 1, hy,i1, 1
and h,.1. Then W, is the subword of W, selected by the value of €,1.

The Chacon transformation S is known to be weakly mixing. This implies that 7" x S
is ergodic whenever T' is ergodic, therefore the filtration G has a degenerate tail o-field G_
whenever 7' is ergodic (Proposition 1).

We will prove the following result.
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n=-3 [(X_5=a, V=1

Figure 11: (X,,, V,,, €,)

n=-3 [W_3 = abedef ghijklm, V_s = 1]

Figure 12: (W, V,,, €,)

Proposition 3. When T is a Bernoulli automorphism, the filtration G is not standard.

Hereafter we consider that T is a Bernoulli shift on a a countable alphabet A and that
(Wh, Vi, €0),,<0 is the split-word process obtained with the partition of AZ according to the
central coordinate. Thus W, is a word made of i.i.d. letters on A.

7.2 The process (W,,V,,&,)

Proposition 3 will be derived from the non-standardness of the filtration G generated by the
following process (W, Vo, €n)n<o (see Figure 13), which is asymptotically the same as the process
(W, Vi, €,), in a sense that will be made precise in Section 7.3.

For every n < —1, V,, is a constant random variable equal to 1, and Vo = @. The process
(€n),<_1 is a sequence of independent random variables having the uniform law on {0, 1, 3},

and €, is a constant random variable equal to 0. The random variable Wn is a random word of
length i, on A, made of i.i.d. letters, and it is independent of ¢,. The random variable €, is
independent of GG,,, and W, is the subword of W, selected by the value of €,,1, in the same
way that W, is the subword of W, selected by the value of €.

Thus, (gn) _, is a 3-adic filtration: gnH G, Vo (€,41) and €,y is independent of G, and
has a uniform dlstrlbutlon on a set with three elements.

We will see in Section 7.3 that the tail o-field G_. is degenerate as a consequence of the
first point of Theorem 7.1.
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W 5 = abede fohigkim, Vg — 1]

Figure 13: (Wn, Vi, €n)

Proposition 4. The filtration G is not standard.

Proof. Let Y,, be the word obtained by deleting the letters of W, shown in color on Figure 13.
These are the letters of W,, which have a zero probability to be selected by the conditional law
L(W_q | W,). The positions of these letters are given by the 1’s in the Chacon word introduced
after equality (1). The process (Y, €n),<_1 is a 3-adic split-word process with i.i.d. letters on
A. Tt is known that the filtration it generates is not standard (see [1, 3, 5]). This filtration is
immersed in QN , therefore QN is not standard. O

7.3 Closely joinable processes

In this section we provide Theorem 7.1 which is the tool with the help of which we will derive
Proposition 3 (non-standardness of G) from Proposition 4 (non-standardness of G).
When two random vectors (Xp)o<,<,, and (Y)ocp<,, are defined on the same proba-

bility space and the filtrations they generate are jointly immersed, we will write and say
(X")O<n<n
that =n=ro

Fodow is a synchronous joining. That means, after introducing the o-fields B, =
n/0<n<ng

o(Xo,...,X,) and C, = o(Yy, ..., Y,), that B,,1 1L, B, VC, and C,yq ¢, B, VC,.

(XM o<n<ng - L . . .
n/0<n<ng /
When { FDommens is a synchronous joining in the situation when (Xn)ogngno is a copy of

a random vector (X,)o<, <, and (Y,)ocp<p, i @ copy of a random vector (Yy,)q<,<p,, We also
X/ T T T

say that {((YZ))E:ZS is a synchronous joining of (Xn)o<p<n, @4 (Yn)ocp<ng:

Definition 3. Let (X,),, and (Y3), <, be two stochastic processes. We say that they are closely

Joinable if for every § > 0 and for every M < 0, there exists N5 < M such that for every ng < Ns

(X';z)nognSN(;

there exists a synchronous joining { of (Xn)py<n<n; and (Ya), <n<n, Such that

(Y’r;)nOSnSN(;
Pr(Xy, = Yi) > 1—6.

Theorem 7.1. Let (X,),o, and (Yy),<, be two Markovian stochastic processes, and denote
by F and G the filtrations they respectively generate. Assume (Xn),<o and (Yy), <, are closely
joinable.

1. The o-fields F_o and G_., are equal.
2. The filtration F is I-cosy if and only if the filtration G is I-cosy.

We firstly prove the first point of this theorem.
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Proof of 1 in Theorem 7.1. To establish the claim, it suffices to show that the conditional law
L(Xn | Fooo) 18 G_s-measurable random variable for every integer M < 0. To do so, we will
prove that the conditional expectation E[ F(Xar) | ]-"_Oo} can be made as L'-close as desired to
a §_-measurable random variable for any Borelian function f taking its values in [0, 1].

We set Fiy = f(Xp). Let 6 > 0 and N = N5 < M the integer provided by the joinability
assumption. One has E[F), | F, N} = g(Xy) for a certain Borelian function g taking its values
in [0, 1]. Take ny < N small enough in order that

B [[E0F | £l ~BlFy | F ool <6 and E [[B[g03) | Gu] ~ Elg(vi) | G-oe]|| <4

which is possibly by virtue of the theorem on reverse martingale convergence.
Now, take the joining provided by the joinability assumption and set Fj, = f(X},). One

has EHg(XjV) —g(YyX) } < 0. Therefore

no’ - no no’ ~ no

E ||E[g(Xk) | 00X, 2] ~ E[g(i) | o(X,¥)] | <
because of the contractivity of the conditional expectation. By immersion,

E[g(XY) | 0(X,,. Ya)| = E|o(Xy) | 0(X},)] = E[Fr | o(X],)]

and
E|g(Y}) | o(X,,, Vi) = Elg(Y3) | o(Yy,)].

no?’ " ng

On the other hand,
E HE[% | o(X),)] —E[g(Y%) [o(V;,)] H =E HE[FM | o(Xng)] ~ E[g(¥n) | o(Yao)] H

=E HE[FM | Foo] —E[9(Yn) | Guo] }

By combining the previous equalities and inequalities,
B [ElFy | 7]~ E[g(vi) | 6-oc] || < 36

and the proof is over. O

The second point of the theorem will be proved with the help of the following lemma.
Xn ...
Lemma 8. Let {((Yn)):::s be a synchronous joining of two random vectors (X”>O§n§n0 and

(X;L)Ogngno

(Yo)ocncn,- One assumes that a synchronous joining { of two copies of (Xy)y<p<n,

is given on some probability space. Then, on an enlargement of this probability space, there

(X;L/)Ogngno

. e e . (YT/l)O<7l<n . (X4L)0<TL<7’L
exists a synchronous joinin == of two copies of (Y, such that =TS0 and
y Jorning {(Ymogngno / pies of (Ya)o<nzng (Y )o<nsng
{ (X;{)Ogngno

(YTILI)OSnSnO

are two copies of (Xndosnsng
(Yn)0§n§n0 ’

Moreover, if Xo ALq(xr)no(xyy Xo, then Y5 ALo(xpnoxy) Yo' -

Proof. In the proof, we will use the three following elementary facts about conditional inde-
pendence:

(i) f U 1L A D B, then X 1Lz A for any o(B, U)-measurable r.v. X.
(it) U U o(B,X) then X 1Lz U (hence X U5 o(B,U)).
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(iii) If B C A, then the two conditional independences Y I pyo(x) A and X 1l g A imply
Y 1z A

Xn . .
On the probability space of { ((Y ))(?f"fno , one can assume there exist some random variables
n/0<n<ng
Uy, ..., Uy, such that

o Uy AL ((Xo,U0),- -, (Xoe1, Una), X );

o Y, = fn((Xo, o),y (Xno1, Y1), X, Un> for some Borelian functions f,.

We denote by (&, ...,&,,) the filtration generated by (X},)j<,<,, and by (&5, ..., &) the
filtration generated by (X}))o<,<p,-

(X';L)Ogngno

On the probability space of { , one can assume there are two copies U’ = (U, ..., Uy, )

(XWo<n<n
and U" = (Uy,..., U] ) of (Uy,...,Uy) such that U’ 1L U” and (U,ur) L g veEy.

We set Yy = fo(X{, U}) and Yy = fo(X{,U[). Then it is not difficult to check the last point
of the lemma: 3/0/ _J_LU(X(/))QJ(X(/;) Yb” if X(/) —J-LU(X(’))QU(X()/) X(’)/.

Now we recursively set

Y, = Fa((X0,Y0), 0 (X0, Vi), X0, Uy)

n n—1 *n—1

and

Y = fu(XE, Y9, (X0, Y00, X0 UL,

n—17 *n—1

(X;L)ogngno d (XT{{)OSnSnO (Xn)ogngno

In this way, it is clear that { are two copies of {

(Yﬁ)ogngno (Yﬁl)ogngno (Yn)ogngno )

We define the filtrations (G, ..., G, ) and (Gg, ..., G, ) by setting

G, = o((X3,Y9),.. (X}, Y2)) and G = o((X{,Yy), ..., (X1, V7)),

n)’n n) - —n

and the filtration (Ho, ..., Hn,) by setting
Ho= (&, ENV o (U3, U7, (U UN) D G, v G,

By property (i),
X Legvey Ho and X7 Algrvey Ha

and by the immersion property,

Xy ALy Ho and X7y, Aley Hy (3)
Therefore
Xor Aoy Hn and X7\, Aoy My (4)

because £, C G, C H, and & C G, C H,.
By property (i),

Vi dlgvox,,) He and Y Lgroixr,,) Ha,
and by (4) and property (i),
Yr/ﬁl J.Lg;L 7‘[” and Yéﬁrl J_Lg;l/ Hn
and by the immersion property

Y, 4 oy, vy Ho  and Yo Aoy

77777

Thus, we have proved that the four filtrations generated by (X},)o<,<nos (X2 o<n<nes (Ya)o<n<nys
and (Y,)o<,<p, are jointly immersed in the filtration (H,) o<, <p,- O
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Yl
Lemma 9. Let (Y,),., be a Markov process. For two integers ng < N < 0, let ((Y’f,))”oi"iz
< n /ng<n<

be a synchronous joining of two copies of (Yy), <n<n Such that Pr(Yy # Yy) < 6. Then it

Y/

1s possible to extend this joining to a synchronous joining {((Y7/))noins<z of (Yn)n0<n<0 such that
n 77,077747 - -

Pr(Y{ #YRN,..., Y  #Y)) <.

Proof. One can assume that Y, .1 = f,(Y,, Unt1) where (Unyq, ..., Up) is a vector of indepen-
dent U(0,1) random variables such that U,y1 1 (Yy,Uny1,-..,U,). On the other hand, on

(Y'r;,)no <n<N

the probability space of { , one can assume there is a vector (U1, ..., Up) of inde-

(YT;/)nOSnSN

pendent U (0, 1) random variables which is independent of (Y,,,Y,’),, -, <n- Then we extend the

joining by recursively setting Y,/ = £,(Y,, Upt1) and V", = £ (Y, Upir). O

Lemma 10. Let G be the filtration generated by a Markov process (Yn)ngo- Assume that for
any integer M < 0 and any real number 6 > 0, there exists two integers ng < Ns < M and

7

Y,
a synchronous joining ((Ytl,))"oiniz‘s of two copies of (Yn),,<n<n, Such that Y, I Y and
n/ng<n<Ng ==

Pr(Yy, # YX,) < 6. Then G is I-cosy.

Proof. In order for G to be I-cosy, it suffices that (Y, ..., Y)) satisfies the I-cosiness criterion

(Yri)nogngl\lé

for every M < 0 (see [3]). By Lemma 9, the synchronous joining { given by the

(Vi )ng<n<ng
assumption can be extended to a synchronous joining (( Jnosns of two copies of (Y},)
satisfying Pr(Yy, # Yy, ..., Yy #Yy) <.

Now, we will construct two copies (Y,), <, and (¥,), oo of (Y2),<o, independent up to ng

n
(V) ngnco (V) g <m0
and such that { (VD amgo 1S & COPY of { (Voo emeo One can assume that

no<n<0

(Y, Yo ) = fuY, Y Y, Y Unya)

no’ - ng’ n’-n?

where U,y 1L (Y, Y Upy,-.., Y, Y Uy,) is U(0,1). Then, given two independent copies

no’ - ng’ T

(Yn*)ngn0 and (Y:*)ngno of (Yn)n§n07 we recursively set

(Yn*+17 Y;j’;l) - fn(Y;(), Y;0*7 s 7}/:7 Yn**a U’n—‘rl)

where (Ungy1,---,Uo) LL (Y, Y,™), <, is a vector of independent ¢(0, 1) random variables. In
this way, for n > ng, one has

LY L | Y Yrsm<n)=LY, Yy, Yo YY),

ng? *ng? y fno

* * *k * *x) * * (Y;)n <n<0 - (YT/l)n <n<0
and £(Yn+1 | Ynov Yno [ Yn ) Yn ) - 'C(Yn—‘rl | Yn) because { (Y;*)noognSO 1S a Copy of { (Y’V;/)n(;gnSO :
Thus the two filtrations generated by (Y,’), <, and (Y,*),,, are jointly immersed, and that shows

that (Yas, ..., Yy) satisfies the I-cosiness criterion. O
Now we prove the second point of Theorem 7.1.

Proof of 2 in Theorem 7.1. Assume F is I-cosy. Take an integer M < 0. To prove the claim,
it suffices to show that (Ya, ..., Ys) satisfies the I-cosiness criterion with respect to G (see [3]).
Let > 0 and take the integer N5 < M provided by the joinability assumption (Definition 3).
The random variable Xy, satisfies the I-cosiness criterion with respect to F. Thus, one has
two jointly immersed copies (F},), <y, and (F)), <y, of the filtration (F,), .., independent up
to an integer ng < Ns and such that Pr(Xy, # X3, ) <.
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X/
Thanks to the Markov property, {EXZZ"Oz”zZ‘S is a synchronous joining of two copies of
n/ngSnsiNg
(Xn) no<n<Ns"
X,
Now, one has the joining { (( )) O::y provided by the joinability assumption.
no=n é
X/
By Lemma 8, one has, on an enlargement of the probability space of EXZ;"Oi"iZ‘s , two
n/ngsnsiNg

. (Xl )n0<n<N6 (X;{)nogngl\f& (Xn)n0§n§N5 (Yfri)nognSth
Coples { (Y/)n0<n<N5 d (Y’rlbl)n0<n<N6 f (Yn)HOSnSN(; UCh that (Y’rlbl)noﬁnSN(;
joining of (Y5,),,<p<n, and Y, AL YU Clearly, Pr(Yy, # Yy,) < 36. The result follows from
Lemma 10. [l

is a synchronous

7.4 Proof of Proposition 3

Proposition 3 follows from Proposition 4, Theorem 7.1 and the following lemma.

Lemma 11. The Markov processes (Wy, Vy, €5),< and (Wn, f/n,'e“n)ngo are closely joinable.

Proof. We firstly construct a joining of (Vi, €,),,,<,<o and (Vo €n) py<n<o-
For i € {0,1,3},
3inl —1

Pr(Vn == ]-7€TL == Z) == W

1
3

Therefore, one can construct a joining of (Vy,, €n,) and (V,,,, &,,) such that

<

{(Vig =1, €0y =i} C{Vpy = 1,8, = i}

for i € {0,1,3}.

Now, take some independent random variables Uy, 41, ..., U_1 having the (0, 1) distribu-
tion, and such that the vector (Uypyi1,...,U_1) is independent of (Vi,, €n,) and (Vi,, &, )-

We recursively construct (Viyi1,€ngt1)s - (Vor,e1) and (Vigi1, €ngst)s - - (Vo1,6-1) as
follows.

Once the construction is done up to time n, we set €,11 = f,(Vy,, Upt1) and €,11 = g,(Up11)
where the functions f, and g, are defined as follows. We simply set f,(2,u) = 0. For i €
{0,1, 3}, the function fn( )) is such that f,(1,u) =i for u € J; where J is the set having
Lebesgue measure |.J;| = Z*l . We take a set J! D J; such that |J/| = 3 and set g,(u) =i
for u € J!. Thus, on the event {V =1}, one has €,41 =i if €,41 = 1.

With this joining,

N—1
~ _ hn

PT((Vno+1,€no+1) = Vi1, €ngs1), - - (Vv  en) = (VN, en) | Vi = 1) > H L
n=ngo 7’L

(W"7Vn 6")'n,()«l»l<n<N

Now, we construct a synchronous joining { as follows. To initialize the

(W”’Vn76“)n0+l<n<N

joining, we write W,,, = f(V,,,U) where U is a U(0,1) random variable independent of V,,,,
—~ ~ Wi, Vn,en n n

and we set W,,, = f(V,,,U) = f(1,U). Then we construct {(~ Dty insw

(W7L7Vn7€7l)n0+1§n§N
{ (%LuEn)n0+1§n§N

(anen)n0+1§n§N

with the joining
we previously constructed. In this way,

Pr((Wno-i-la Vno-l—la Eno—l—l) = (Wno-l—la ‘7no+1a gno+l)7 EIRII) (WN> VN7 EN) = (WNv VN7 gN) | Vno = 1)
= Pr((Vags1, €ng1) = (Vags1, Enpa)s - (Viv en) = (Viv, &x) | Vg = 1)

The lemma follows because the product Hflvz_nlo hg“ is divergent as ng — —oo and Pr(V,, =

1) — 1. O
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